Received: February 9, 1999, Accepted: March 11, 1999

HYPER VERSION

Borel summation and momentum-plane analyticity in perturbative QCD

Irinel Caprini

National Institute of Physics and Nuclear Engineering Bucharest POB MG-6, R-76900 Romania E-mail: caprini@theor1.theory.nipne.ro

Matthias Neubert

Stanford Linear Accelerator Center, Stanford University Stanford, California 94309, U.S.A. E-mail: neubert@slac.stanford.edu

Abstract: We derive a compact expression for the Borel sum of a QCD amplitude in terms of the inverse Mellin transform of the corresponding Borel function. The result allows us to investigate the momentum-plane analyticity properties of the Borel-summed Green functions in perturbative QCD. An interesting connection between the asymptotic behaviour of the Borel transform and the Landau singularities in the momentum plane is established. We consider for illustration the polarization function of massless quarks and the resummation of one-loop renormalon chains in the large-β_0 limit, but our conclusions have a more general validity.

Keywords: QCD, Renormalization Regularization and Renormalons.

Contents

1. Introduction 1

2. Borel transforms and distribution functions 3

3. Borel sums in the complex momentum plane 9

4. Analyticity properties of the Borel-summed functions 13

5. Conclusions 18

A. Relations between distribution functions 20

1. Introduction

It is well-known that the momentum-plane analyticity properties imposed by causality and unitarity are not automatically satisfied by the correlation functions calculated in perturbative QCD. This is actually a more general feature of approximate solutions of physical equations. For instance, unexpected analytic properties were discovered for the perturbative solutions in potential theory [1]. In QCD, the problem is more severe due to confinement. Indeed, as shown in [2], in a confined theory the poles and branch points of the true Green functions are generated by the physical hadron states in the unitarity relation, and no singularities related to the underlying quark and gluon degrees of freedom should appear. On the other hand, in perturbation theory the branch points of the amplitudes correspond to the production of free quarks and gluons. Other, more complicated singularities make their appearance if one goes beyond naive perturbation theory. For instance, renormalization-group improved expansions have unphysical space-like singularities (Landau poles or cuts), while the introduction of non-perturbative contributions such as vacuum condensates in the Operator Product Expansion (OPE) produces poles and branch cuts at the origin [3]. Both types of singularities are absent from the exact QCD amplitudes.

Recently, the contribution of large orders of perturbation theory related to the socalled renormalons [4] have been investigated by several authors, using in particular the method of Borel summation [5]–[26] (see [27] for a review and further references). In general, these resummations introduce additional momentum-plane singularities in QCD Green functions, reflecting the presence of the ultraviolet (UV) and infrared

(IR) renormalons in their Borel transforms. But despite of the large number of works devoted to Borel summation in perturbative QCD, the momentum-plane analyticity of the Borel sum did not receive particular attention so far. The reason presumably lies in the fact that perturbation theory by itself is not complete and must be supplemented by non-perturbative terms to build up the exact theory. It is therefore not surprising that theoretical predictions based on perturbation theory are plagued by bad analyticity properties absent from the true physical amplitudes. Nevertheless, given that analyticity is the key property allowing the continuation of theoretical predictions from Euclidian to Minkowskian kinematics relevant to hadronic observables, we believe an investigation of the momentum-plane analyticity of the Borel sum in perturbative QCD is of both theoretical and practical interest.

The importance of the problem was emphasized some time ago by Khuri [28], who noted the mathematical possibility of a Borel sum with analytic and asymptotic properties in the momentum plane different from those of the individual terms in the perturbative expansion. (Khuri also quotes unpublished results by J.P. Eckmann and T. Spencer illustrating this possibility.) The deep connection between momentumplane analyticity and Borel summability was revealed by ’t Hooft [4], who showed that the presence of resonances and multi-particle thresholds on the time-like axis is in conflict with the mathematical conditions required for the existence of the Borel sum. More recently, the relation between the asymptotic behaviour of the Borel transform and the momentum-plane singularities of the QCD amplitudes was discussed in [18]. Renormalization-group invariance and the Landau pole in the running coupling α_s(Q^2) are the essential ingredients of this analysis. Attempts to remove the unphysical Landau singularity in the context of dispersion theory with an IR-regular running coupling were made in [29]. This procedure raised much interest, since it generates power corrections of a type not present in the OPE [30, 31] (see, however, the discussion in [32]). Further clarifications of the connection between the Landau singularity of the running coupling and the IR renormalons of the Borel transform are desirable in this context.

In the present paper, we discuss some aspects of the momentum-plane analyticity of Borel-summed Green functions in perturbative QCD. To this end, we consider the polarization function for massless quarks and calculate its Borel sum at complex values of the momentum transfer. The result we derive, written in a compact form in terms of a “distribution function” (i.e., an inverse Mellin transform of the Borel function), allows us to investigate the singularities generated by the process of Borel summation. Since we consider the massless case, branch points at s = 0 will be present in the time-like region, which of course do not reproduce the true hadronic thresholds. Our main concern, however, is the appearance of unphysical (Landau) singularities in the space-like region. Our discussion is kept at a rather formal level, although reference to the specific case of a single renormalon chain (corresponding to the so-called large-β_0 limit [15, 27]) is made to illustrate various results and assumptions. In section 2, we start with a brief review of the integral representations of the Borel function in terms of its inverse Mellin transforms. Two different types of inverse Mellin transforms (called distribution functions) were introduced in [15] and [18]. We indicate the mathematical conditions under which these functions exist, the relations among them, and their connection with renormalons. An important finding is that the inverse Mellin transform of the Borel function associated with the polarization amplitude is, in general, a piece-wise analytic function, with two pieces defined inside and outside a circle in the complex plane, each of them being analytic except for a cut on the real axis. In section 3, we derive a compact expression for the polarization function at complex values of the momentum variable in terms of the distribution function defined in [15]. The same technique is applied for obtaining an expression for the Borel sum of Minkowskian quantities, using as input the standard result for the Borel transform of these quantities obtained by analytic continuation. In section 4, we discuss the analyticity properties of the polarization amplitude in the momentum plane. These properties depend on the prescription used for treating the IR renormalon singularities of the Borel transform. We adopt a principal-value prescription, which leads to amplitudes without space-like singularities outside the “Landau region” (the region between 0 and the location of Landau singularities on the space-like s axis in the renormalization-group improved perturbative expansions of correlators in QCD) and is therefore consistent with the analyticity requirements imposed by causality and unitarity. The analytic continuation to low momenta reveals explicitly the connection between the Landau singularities and the piece-wise character of the inverse Mellin transform, which in turn is determined by the asymptotic behaviour of the Borel function. Our conclusions are given in section 5. The paper has an Appendix, in which we present a method for deriving relations between the various distribution functions based on Parseval’s theorem for Mellin transforms [34].

2. Borel transforms and distribution functions

Consider the current–current correlation function Π(q^2) defined by −4π^2i ∫ d^4x e^{iq·x} ⟨0| T {V^μ(x), V^ν (0)} |0⟩ = (q^μq^ν − g^{μν} q^2) Π(q^2) , (2.1)

where V^μ = q̄γ^μq is the conserved vector current for massless quarks. We define the corresponding Adler function D(s) = −s dΠ(s) ds , s = q^2 , (2.2)

which is UV finite. The function Π(s) can be obtained from D(s) by logarithmic integration, yielding

Π(s) = − s∫ d ln(−s^′) D(s^′) + const. , (2.3) where the integration is along a contour in the complex s^′ plane ending at the point s and not encountering the singularities of the integrand. General causality and unitarity properties of QCD Green functions imply that Π(s) and D(s) are real analytic functions in the complex s plane (i.e., Π(s^∗) = Π^∗(s) and D(s^∗) = D^∗(s)), cut along the positive real axis from the threshold for hadron production at s = 4m^2_π to infinity. The analyticity properties of the exact Adler function D(s) are summarized in the dispersion relation

D(s) = s π ∞∫ 4m^2_π ds^′ Im Π(s^′ + iϵ) (s^′ − s)^2

, (2.4)

where the spectral function Im Π(s + iϵ) is non-negative. The function Π(s) satisfies a once-subtracted dispersion relation similar to (2.4).

Writing the one-loop running coupling constant as α_s(−s) = 4π β_0 ln(−s/Λ^2)

, (2.5)

where β_0 =^{11}_3 N_c −^2_3 n_f is the first coefficient of the β function and Λ the QCD scale parameter, one finds that the first terms in the renormalization-group improved perturbative expansions of the functions D(s) and Π(s) are given by

D(s) = 1 + 4 β_0 ln(−s/Λ^2) + · · · , Π(s) = k − ln(−s/Λ^2) −

4 ln ln(−s/Λ^2) β_0

+ · · · , (2.6)

where k is a constant. These expressions are derived using the renormalization-group equations in the perturbative region |s| ≫ Λ^2. Their analytic continuation to low energy contains unphysical singularities on the space-like axis, which are absent from the exact amplitudes. Specifically, D(s) has a Landau pole at s = −Λ^2, and Π(s) has a Landau cut along the interval −Λ^2 < s < 0. In [29] it was proposed to restore the correct analyticity properties by a redefinition of the coupling (2.5) using a dispersion relation. In the present paper, we take a different perspective and analyse the impact of large orders of perturbation theory on the analyticity properties of the correlation functions.

The structure of high-order contributions to the perturbative expansion of the Adler function was investigated by many authors. The expansion coefficients are known to exhibit a factorial growth, indicating that the perturbation series has zero radius of convergence [7, 8]. If one formally applies the Borel method to sum the series, this growth is reflected in singularities of the Borel transform on the real axis. Let us write the formal Laplace integral expressing D(s) in terms of its Borel transform in the large-β_0 limit as [27]

D(s) = 1 + 1 β_0 ∞∫ 0 du ( −se^{−C} μ^2 )_{−u} exp ( − 4πu β_0α_s(μ^2) ) ^B_D(u)

= 1 + 1 β_0 ∞∫ 0 du ( −s Λ^2_V )_{−u} ^B_D(u) , (2.7)

where C is a scheme-dependent constant, which takes the value C = −5/3 in the MS scheme and C = 0 in the V scheme, and Λ^2_V = e^{−C} Λ^2 is a scheme-independent combination of this constant with the QCD scale parameter. The corresponding representation for Π(s) is

Π(s) = k − ln ( −s Λ^2_V ) + 1 β_0 ∞∫ 0 du ( −s Λ^2_V )_{−u} ^B_Π(u) . (2.8)

We have used the renormalization-group invariance to isolate the dependence on the momentum variable s, so that the Borel transforms ^B_D(u) and ^B_Π(u) are scale and scheme independent and also do not depend on s. Note that the definition (2.2) implies the relation ^B_Π(u) = 1 u ^B_D(u) . (2.9)

The Borel transforms ^B_D(u) and ^B_Π(u) have singularities on the real axis in the complex u plane. Some of them, the so-called IR renormalons, are situated along the integration contour in (2.7) and (2.8).^1 The precise nature of these singularities is only known for some specific cases. For instance, the first IR and UV singularities are branch points located at u = 2 and u = −1, respectively, with a universal nature determined by renormalization-group coefficients [5, 26]. Information on the other singularities is only available from calculations performed in the large-β_0 limit, which predict the correct locations of the singularities but not their nature (in general, the large-β_0 approximation yields pole singularities rather than branch points). Specifically, the expression for the Borel transform of the Adler function obtained in this approximation is [7, 8] ^B_D(u) = 128 3(2 − u) ∞∑ k=2 (−1)^k k [k^2 − (1 − u)^2]^2

. (2.10)

The presence of IR renormalons renders the perturbation series not Borel summable and the Laplace integrals ill defined. In order to evaluate these integrals, a prescription for avoiding the singularities must be specified. A question we address in this

1The function ^B_Π(u) has, in addition, a pole at u = 0 related to the short-distance behaviour of the current correlator. This pole is removed by standard UV renormalization.

paper is whether additional information can be employed to prefer one choice of a prescription over another. We shall argue that momentum-plane analyticity might be a helpful guiding principle in this respect.

We also consider Minkowskian quantities such as the finite-energy moments of the spectral function of Π(s) defined as

M_k = k + 1 π s^{k+1}_0

s_0∫

4m^2_π ds s^k Im Π(s + iϵ) = − k + 1 2πi s^{k+1}_0 ∮ |s|=s_0 ds s^k Π(s) , (2.11)

where s_0 > 4m^2_π is an arbitrary cutoff, and we have applied the Cauchy relation for the true, physical polarization function Π(s) to pass from the integral along the cut to a contour integral along a circle in the complex s plane. Combinations of such moments enter the prediction for physical observables such as the hadronic decay rate of the τ-lepton [20], and some tests of QCD related to the dependence under variation of s_0 are discussed in [35, 36]. The Borel representation for Minkowskian quantities such as the spectral moments M_k can be derived starting from the contour integral written in the second relation in (2.11) and inserting the expression (2.8) for Π(s). The result is

M_k = 1 + 1 β_0 ∞∫ 0 du ( s_0 Λ^2_V )_{−u} ^B_{Mk} (u) , s_0 > Λ^2_V , (2.12)

where [20] ^B_{Mk} (u) = k + 1 k + 1 − u sin πu πu ^B_D(u) . (2.13)

Next we define the “distribution functions” coresponding to the above Borel transforms. We consider first the Borel transform ^B_D(u) of the Adler function and assume that it is analytic in the strip u_1 < Re u < u_2, where u_1 = −1 and u_2 = 2 are the positions of the first UV and IR renormalons, respectively. Let us further assume that the following L^2 condition holds: 1 2πi u_0+i∞ ∫ u_0−i∞ du | ^B_D(u)|^2 < ∞ , (2.14)

where u_0 ∈ [u_1, u_2]. Then the inverse Mellin transform of ^B_D(u) can be defined as [34] ^w_D(τ) = 1 2πi u_0+i∞ ∫ u_0−i∞ du ^B_D(u) τ^{u−1} . (2.15)

The condition (2.14) is satisfied by the Borel transform calculated in the large-β_0 limit, given in (2.10). In this case, the function ^w_D(τ) was first introduced in [15], where its physical interpretation as the distribution of the internal gluon virtualities in Feynman diagrams was pointed out. Relation (2.15) can be inverted to give ^B_D(u) = ∞∫ 0 dτ ^w_D(τ) τ^{−u} , (2.16)

and the following completeness condition holds [34]: 1 2π u_0+i∞ ∫ u_0−i∞ du | ^B_D(u)|^2 = ∞∫ 0 dτ τ |τ^{1−u0} ^w_D(τ)|^2 . (2.17)

The integral relation (2.16) defines the function ^B_D(u) in a strip parallel to the imaginary axis with u_1 < Re u < u_2.

The distribution function ^w_D(τ) can be calculated from (2.15) by closing the integration contour along a semi-circle at infinity in the u plane and applying the theorem of residues for the singularities of ^B_D(u) located inside the integration domain. For τ < 1 the contribution from the semi-circle at infinity vanishes if the contour is closed in the right half of the u plane, while for τ > 1 the contour must be closed in the left half plane. One thus obtains different expressions for the distribution function depending on whether τ < 1 or τ > 1, which we shall denote by ^w^{(<)}_D (τ) and ^w^{(>)}_D (τ), respectively. By Cauchy’s theorem, these functions are given by the contribution of the residues of the IR and UV renormalons, respectively. For instance, ^w^{(<)}_D (τ) has the expression

^w^{(<)}_D (τ) = 1 2πi ∫ C_+ du ^B_D(u) τ^{u−1} − 1 2πi ∫ C_− du ^B_D(u) τ^{u−1} , (2.18)

where the contours C_+ and C_− are lines slightly above and below the positive real axis, respectively. A similar expression applies for the function ^w^{(>)}_D (τ), where the integration lines are now parallel to the negative real axis. In the large-β_0 limit, these functions are given by [15]

^w^{(<)}_D (τ) = 32 3 { τ ( 7 4 − ln τ ) + (1 + τ) [ L_2(−τ) + ln τ ln(1 + τ) ]} , (2.19)

^w^{(>)}_D (τ) = 32 3 { 1 + ln τ + ( 3 4 + 1 2 ln τ ) 1 τ + (1 + τ) [ L_2(−τ^{−1}) − ln τ ln(1 + τ^{−1}) ]} , where L_2(x) = − ∫_x 0 dt t ln(1 − t) is the dilogarithm. The above expressions are analytic in the complex τ plane, with no singularities other than branch cuts along the negative real axis. Together they define a function ^w_D(τ) that is piece-wise analytic in the cut τ plane, with different functional expressions for |τ| < 1 and |τ| > 1.

The fact that the function ^w_D(τ) is piece-wise analytic will have interesting consequences in our analysis below. One might ask whether these analytic properties are valid in general, i.e., beyond the large-β_0 limit. It is important in this context that we consider the analytic continuations of the function ^w^{(<)}_D (τ) defined in (2.18) and of the function ^w^{(>)}_D (τ) defined in a similar way, and not the original definition (2.15). The equivalence between the two results is valid only for real τ. By writing τ^u = exp(u ln τ), and noticing that the residues of the renormalon singularities are real, we obtain from (2.18) real values for positive τ. However, a branch point at τ = 0 and a cut at negative τ may appear due to the logarithm. In general, the singularities of the Borel transform are expected to be branch points (rather than poles) located on the real u axis. The inverse Mellin transforms of functions with branch points have a similar structure as those of functions with pole singularities [37]: they are piece-wise analytic functions, composed of two pieces analytic in the domains |τ| < 1 and |τ| > 1, with a cut along the negative real axis. Therefore, this appears to be the most general analytic structure for the function ^w_D(τ), assuming that the asymptotic behaviour of the Borel transform is in accord with the norm condition (2.14).

The application of the above procedure to obtaining the distribution function for the polarization amplitude itself requires some care due to the additional pole at u = 0 of the Borel transform ^B_Π(u). An expression consistent with the definitions (2.2) and (2.3) is obtained if we define the inverse Mellin transform ^w_Π(τ) in terms of an integral along the line Re u = u_0 with u_0 > 0. Then, as proven in the Appendix, the result is ^w_Π(τ) = 1 τ τ∫ 0 dx ^w_D(x) . (2.20)

In the large-β_0 limit, the explicit expression for this function is [15]

^w_Π(τ) = 16 3 { 1 − ln x + x 2 (5 − 3 ln x) +

(1 + x)^2 x [ L_2(−x) + ln x ln(1 + x) ] } , (2.21) where x = τ if τ < 1, and x = 1/τ if τ > 1. It follows that ^w^{(>)}_Π (τ) = ^w^{(<)}_Π (1/τ).

Consider now the case of Minkowskian quantities such as the spectral moments M_k. In this case, the presence of the factor sin πu in the Borel transforms in (2.13) affects their asymptotic behaviour for large u and invalidates the L^2 condition (2.14). Therefore, in general an inverse Mellin transform defined as in (2.15) does not exist for Minkowskian quantities. This observation suggests to extract the sine factor from the Borel transform and consider the inverse Mellin transform of the remaining expression. Actually, such a definition can be considered not only for Minkowskian quantities but for any Borel transform ^B_X (u) [14]. We define a function

^b_X (u) = ^B_X (u) sin πu (2.22)

and assume that it obeys the L^2 condition 1 2πi u_0+i∞ ∫ u_0−i∞ du |^b_X (u)|^2 = 1 2πi u_0+i∞ ∫ u_0−i∞ du | | | | ^B_X (u) sin πu | | | | 2 < ∞ , (2.23) where u_0 ≠ 0. In the case of Minkowskian quantities, the sine function in the denominator of (2.23) compensates the factor of sin πu appearing in the Borel transform. (In the case of Euclidean quantities the sine factor brings an additional improvement in the convergence of the integrals.) Provided the condition (2.23) is satisfied, we can then define the inverse Mellin transform ^W_X (τ) as

^W_X (τ) = 1 2πi u_0+i∞ ∫ u_0−i∞ du ^b_X (u) τ^{u−1} = 1 2πi u_0+i∞ ∫ u_0−i∞ du ^B_X (u) sin πu τ^{u−1} . (2.24)

This definition was introduced in a more physical context in [18]. Relation (2.24) can be inverted to give

^b_X (u) = ∞∫ 0 dτ ^W_X (τ) τ^{−u} , (2.25)

which together with (2.22) defines the Borel function ^B_X (u) along a line Re u = u_0 > 0, where u_0 can be taken arbitrarily small. Of course, if the Borel transform ^B_X (u) itself satisfies an L^2 condition like in (2.14), then also the normal inverse Mellin transform ^w_X (τ) defined as in (2.15) exists. In this case, one can prove the relation [16, 18]

^W_X (τ) = 1 π ∞∫ 0 dx ^w_X (x) x + τ , (2.26)

which we derive in the Appendix using Parseval’s theorem. The representation (2.26) shows that, unlike the distribution functions ^w_D(τ) and ^w_Π(τ), which are piece-wise analytic in the τ plane, the inverse Mellin transforms ^W_D(τ) and ^W_Π(τ) are real analytic functions in the entire complex τ plane cut along the real negative axis. (The explicit expression for the function ^W_D(τ) can be found in the Appendix of [16].) On the other hand, for the Minkowskian quantities the distribution functions ^W_X (τ) are piece-wise analytic, with two pieces defined for |τ| < 1 and |τ| > 1 [18].

3. Borel sums in the complex momentum plane

Borel-summed expressions for the polarization function at both space-like and timelike momenta in terms of the distribution functions ^w_D(τ) and ^W_D(τ) were derived in [15] and [18], respectively. In what follows, we will generalize the techniques used in these works to the calculation of the polarization function in the complex momentum plane. For definiteness, we adopt as a regularization prescription for the ill-defined integral (2.7) the so-called “principal value”, which amounts to taking one half of the sum of the integrals along two parallel lines slightly above and below the real axes, denoted by C_± (the same integration lines appeared previously in (2.18)). We thus define D(s) = 1 + 1 2 [ d_+(s) + d_−(s) ] , (3.1) where d_±(s) = 1 β_0 ∫ C_± du ( −s Λ^2_V )_{−u} ^B_D(u) , (3.2)

and s is taken to lie outside the Landau region, |s| > Λ^2_V , so that the integrals are convergent. The prescription (3.1) is a generalization of the Cauchy principal value for simple poles, which was adopted in [33] as the only choice giving a real value for the Borel-summed amplitude when the coupling constant is real. In the renormalization-group improved expansion, this means that D(s) is real along the space-like s axis outside the Landau region. This is consistent with the dispersion relation (2.4), which follows from general causality and unitarity requirements. As we shall see, other prescriptions violate these requirements.

Our aim is to express the integrals (3.2) in terms of the distribution functions defined in the previous section. To this end, we must pass from the integrals along the contours C_± to integrals along a line parallel to the imaginary axis, where the representation (2.16) is valid. This can be achieved by rotating the integration contour from the real to the imaginary axis, provided the contour at infinity does not contribute. In each individual case, one must establish that this condition is satisfied. Let us consider first a point in the upper half of the momentum plane, for which s = |s| e^{iϕ} and −s = |s| e^{i(ϕ−π)} with a phase 0 < ϕ < π. Taking u = R e^{iθ} on a large semi-circle of radius R, the relevant exponential appearing in the integrals (3.2) is exp { −R [ ln |s| Λ^2_V cos θ + (π − ϕ) sin θ ]} . (3.3)

For |s| > Λ^2_V , the exponential is negligible at large R for cos θ > 0 and sin θ > 0, i.e., for the first quadrant of the complex u plane. Assuming that ^B_D(u) increases slower than any exponential [18], the integration contour defining d_+(s) can be rotated to the positive imaginary axis, where the representation (2.16) is valid. This leads to the double integral

d_+(s) = 1 β_0 i∞∫ 0 du ∞∫ 0 dτ ^w_D(τ) exp [ −u ( ln τ|s| Λ^2_V + i(ϕ − π) )] . (3.4)

The order of integrations over τ and u can be interchanged, since for negative (ϕ−π) the integral over u is convergent. Performing this integral yields

d_+(s) = 1 β_0 ∞∫ 0 dτ ^w_D(τ) ln(−τs/Λ^2_V )

. (3.5)

Consider now the evaluation of the function d_−(s) given by the integral along the contour C_− below the real axis. Naively, one might think to rotate the integration contour to the negative imaginary axis without crossing any singularities. However, this rotation is not allowed, because along the corresponding quarter-circle sin θ < 0, and the exponent (3.3) does not vanish at infinity for ϕ < π. The way out is to perform again a rotation to the positive imaginary u axis, for which the contribution of the circle at infinity vanishes. But in this rotation the contour crosses the positive real axis, and hence we must pick up the contributions of the IR renormalon singularities located along this line. This is easily achieved by comparing the expression (2.18) for the function ^w^{(<)}_D (τ) with the definition (3.2) of the functions d_±(s). It follows that d_−(s) can be expressed in terms of d_+(s) as

d_−(s) = d_+(s) − 2πi β_0 ( − Λ^2_V s ) ^w^{(<)}_D (−Λ^2_V /s) . (3.6)

The relations (3.5) and (3.6) completely specify the function D(s) in the upper half of the momentum plane. Using the same method, the Adler function can be calculated in the lower half plane, which corresponds to taking π < ϕ < 2π. In this case, the integral along C_− can be calculated by rotating the contour to the negative imaginary u axis, while for the integration along C_+ one must pass across the real axis. Combining the results, we obtain the following expression for the Adler function in the complex momentum plane:

D^{(±)}(s) = 1 + 1 β_0 ∞∫ 0 dτ ^w_D(τ) ln(−τs/Λ^2_V ) ∓ iπ β_0 ( − Λ^2_V s ) ^w^{(<)}_D (−Λ^2_V /s) , (3.7)

where the superscript “±” in parenthesis refers to the sign of Im s. The corresponding expression for the polarization function Π(s) can be obtained by inserting the above result into the definition (2.3). This gives

Π^{(±)}(s) = k − ln ( −s Λ^2_V ) − 1 β_0 ∞∫ 0 dτ ^w_D(τ) ln ln ( − τs Λ^2_V ) ∓ iπ β_0 ( − Λ^2_V s ) ^w^{(<)}_Π (−Λ^2_V /s) ,

(3.8) with ^w_Π(τ) as defined in (2.20). Note that the last terms in (3.7) and (3.8) involve the analytic continuation of the Mellin transforms ^w_D(τ) and ^w_Π(τ) from the real positive axis, where they have been calculated, to arbitrary complex arguments.

Before discussing in the next section the analyticity properties of these results, we apply the same technique to the principal-value Borel summation of Minkowskian quantities. Let us generically denote a Minkowskian quantity by R(s_0), with s_0 some fixed scale, and write its Laplace integral with the principal-value prescription as

R(s_0) = R_0 + 1 2 [ r_+(s_0) + r_−(s_0) ] , (3.9)

where R_0 is a constant, and

r_±(s_0) = 1 2iβ_0 ∫ C_± du ^b_R(u) { exp [ −u ln ( s_0 Λ^2_V ) + iπu ] − exp [ −u ln ( s_0 Λ^2_V ) − iπu ]} . (3.10)

We have expressed the Borel transform ^B_R(u) in terms of ^b_R(u) as in (2.22) and combined the two exponentials arising from the factor sin πu with the exponential in the Laplace integral. We recall that s_0 > Λ^2_V . The procedure described in detail for complex s can be now applied in a straightforward way. For C_+ (C_−) one can rotate the integral of the first (second) term in (3.10) towards the positive (negative) imaginary axis, where the integral representation (2.25) of ^b_R(u) in terms of ^W_R(τ) can be used. For the remaining terms, i.e., the second (first) term in the integral along C_+ (C_−), the simple rotation towards the imaginary axis cannot be performed, since the corresponding terms ±iπu in the exponential blow up along the quadrants of the circle. As explained before, we must first cross the real axis in the u plane and then make a rotation towards the nearest imaginary semi-axis. But in crossing the real axis we encounter the IR renormalons, whose contribution must be added using an analog of (3.6). In the present case, the relation is ∫ C_+ du ^b_R(u) { exp [ −u ln ( s_0 Λ^2_V ) ± iπu ]}

= ∫ C_− du ^b_R(u) { exp [ −u ln ( s_0 Λ^2_V ) ± iπu ]} + 2πiτ_± ^W^{(<)}_R (τ_±) , (3.11)

where τ_± = −Λ^2_V /s_0 ± iϵ. Using this relation, we find after a straightforward calculation

R(s_0) = R_0 + π β_0 ∞∫ 0 dτ ^W_R(τ) ln^2(τs_0/Λ^2_V ) + π^2 + π 2β_0

Λ^2_V s_0 [ ^W^{(<)}_R (τ_+) + ^W^{(<)}_R (τ_−) ] . (3.12)

Notice that the last two terms involve the values of the function ^W^{(<)}_R (τ) for real negative values of the argument, where this function has a cut. In the two terms the cut is approached from opposite directions, and the sum gives twice the real part of the function ^W^{(<)}_R (τ) at τ = −Λ^2_V /s_0. It is convenient to rewrite the above result using an integration by parts, yielding

R(s_0) = R_0 + 1 β_0 ∞∫ 0 dτ I_R(τ) arctan [ π ln(τs_0/Λ^2_V ) ] + π β_0 Re Λ^2_V /s_0∫

−Λ^2_V /s_0 dτ I_R(τ −iϵ) , (3.13)

where I_R(τ) = d dτ [ τ ^W_R(τ) ] . (3.14)

The integral representations (3.12) and (3.13) were derived previously in [18] by means of a different technique of treating the integrals (3.10). Specifically, in order to avoid the crossing of the real axis in the rotation of the contours C_± towards the imaginary axis, these authors use formally the integral representation (2.25) of ^b_R(u) outside its range of validity. The double integral thus obtained is evaluated by performing first a suitable rotation of the integration line in the τ plane, and then a rotation of the integration contour in the u plane. The formal application of this procedure leads to an expression identical to (3.12).

For our further discussion, it will be useful to have an explicit expression for the functions I_{Mk} (τ) entering the integral representation (3.13) in the particular case of the Borel sum of the spectral moments M_k. These functions are given by [20]^2

I_{Mk} (τ) = k + 1 π 1∫ 0 dx x^{k−1} ^w_D(τ/x) = k + 1 π τ^k ∞∫ τ dz z^{−k−1} ^w_D(z) , τ > 0 . (3.15)

We stress that from the derivation of the result (3.13) it follows that for negative values of τ the functions I_{Mk} (τ) must be obtained from the analytic continuation of the expressions derived from for τ real and positive. Note that for τ < 0 these functions are not the same as the functions

I^′_{Mk} (τ) = k + 1 π (−τ)^k ∞∫ −τ dz z^{−k−1} ^w_D(−z) , τ < 0 (3.16)

one would obtain using the analytic continuation of the function ^w_D(τ/x) under the first integral in (3.15). This observation will become important in the next section.

4. Analyticity properties of the Borel-summed functions

Let us now investigate in more detail the momentum-plane analyticity properties of the Adler function and of the polarization function calculated in the previous section. We start with the Borel sum of the function D(s). From (3.7), it is apparent that its s dependence is isolated in two terms having a different origin. The first term can be regarded as an average over gluon virtualities of the one-loop expressions in (2.6) [15]. It is obtained using the integral representation of the Borel function in terms of the inverse Mellin transform along the imaginary axis in the u plane. The second term is generated by the residues of the IR renormalons when crossing the real axis to pass from one of the contours C_± to the other. As we will see, the fact that this term contains the piece ^w^{(<)}_D (τ) of the distribution function has important consequences on the analyticity properties.

As shown in (3.7), we obtained two different expressions for the Adler function valid in the upper and lower half of the momentum plane. Using general theorems about the analyticity of functions represented by integrals [39, 40] and the fact that ^w^{(<)}_D (τ) is holomorphic for complex values of τ, we find that the functions D^{(±)}(s) are holomorphic for complex values of s outside the real axis, in the upper and lower half planes, respectively. We will now show that they represent a unique function

2In this reference, results are given for the functions W_k(τ) = πτ I_{Mk} (τ).

analytic in the cut momentum plane. To this end, we apply the Schwarz reflection principle. The functions D^{(±)}(s) are related to each other by the reality condition [D^{(+)}(s^∗)]^∗ = D^{(−)}(s), since w^{(<)}_D (τ) is a real analytic function, which enters the expressions for D^{(+)}(s) and D^{(−)}(s) with imaginary coefficients of opposite sign. Assume now that s is approaching the real axis from the upper half plane. Using expression (3.7) together with the relation Im [ 1 ln[−(x + iϵ)] ] = θ(x) π ln^2(x) + π^2

+ πδ(x + 1) , (4.1)

we obtain on the time-like axis Im D(s + iϵ) = π β_0 ∞∫ 0 dτ ^w_D(τ) ln^2(τs/Λ^2_V ) + π^2 + Λ^2_V s Re ^w^{(<)}_D (−Λ^2_V /s) , s > 0 , (4.2) while on the space-like axis Im D(s + iϵ) = π β_0 ( − Λ^2_V s ) [ ^w_D(−Λ^2_V /s) − ^w^{(<)}_D (−Λ^2_V /s) ] , s < 0 . (4.3)

We recall that we have assumed that s lies outside the Landau region, i.e., |s| > Λ^2_V . In this case, the argument of the functions ^w_D(τ) and ^w^{(<)}_D (τ) appearing in (4.3) is less than one. But for such values the two functions coincide, and the two terms in (4.3) compensate each other. Therefore, the imaginary part of the Borel-summed Adler function D(s) vanishes for space-like momenta outside the Landau region:

Im D(s + iϵ) = 0 , s < −Λ^2_V . (4.4)

The same result is obtained when approaching the real negative axis from below. Therefore, in the deep Euclidian region −s > Λ^2_V both expressions in (3.7) lead to a real value given by

D(s) = 1 + 1 β_0 Re ∞∫ 0 dτ ^w_D(τ) ln(−τs/Λ^2_V )

, s < −Λ^2_V . (4.5)

By the Schwarz reflexion principle, the two expressions D^{(±)}(s) in (3.7) define a single function D(s) real analytic in the momentum plane, with no cut for s < −Λ^2_V .

Before proceeding, it is worth emphasizing that the vanishing of the imaginary part on the space-like s axis outside the Landau region is not a generic feature of the Borel sum for the Adler function, but is specific to the principal-value prescription adopted above. It does not happen if one takes a different prescription for avoiding the singularities of the Laplace integral. For instance, taking the integral along the contour C_+ as a definition of the Borel integral we would obtain instead of (3.7) the expressions

D^{(+)}_+ (s) = 1 + 1 β_0 ∞∫ 0 dτ ^w_D(τ) ln(−τs/Λ^2_V ) ,

D^{(−)}_+ (s) = 1 + 1 β_0 ∞∫ 0 dτ ^w_D(τ) ln(−τs/Λ^2_V ) + 2πi β_0 ( − Λ^2_V s ) ^w^{(<)}_D (−Λ^2_V /s) , (4.6)

where the subscript “+” indicates the regularization prescription. It is obvious that these expressions do not satisfy the condition of real analyticity D^∗(s) = D(s^∗). In particular, using the relation (4.1) we see that the two expressions in (4.6) have non-zero imaginary parts along the whole space-like axis s < 0. (These imaginary parts coincide, while the real parts exhibit a discontinuity across the real axis.) On the other hand, for real analytic functions the discontinuity is due to the imaginary part, since in this case D(s + iϵ) − D(s − iϵ) = 2i Im D(s + iϵ). By unitarity, the discontinuity of the exact function D(s) is non-zero only above the threshold for hadron production, and below this threshold the exact function must be real.^3 The expressions in (4.6) are in conflict with the above requirements, and in our opinion this fact is an argument in favour of the principal-value prescription.

The explicit expression for D(s) derived in (3.7) for |s| > Λ^2_V can be analytically continued inside the circle |s| < Λ^2_V . It is interesting to make this continuation in order to explore what happens, after Borel summation, with the Landau pole present in the fixed-order perturbative expression (2.6). We find that for complex values of s outside the real axis the resulting expression is holomorphic. The discontinuities along the real axis can be analysed using (4.2) and (4.3). On the time-like axis, we find a rather complicated behaviour besides the expected unitarity branch point at s = 0 produced by the logarithm. Indeed, the spectral function at s < Λ^2_V involves the values of the function ^w^{(<)}_D (τ) extended analytically to the range |τ| > 1, where there may be additional singularities (see, e.g., the explicit expressions (2.19) valid in the large-β_0 limit). Singularities are also present along the space-like region −Λ^2_V < s < 0. Indeed, in this case the argument of the functions ^w_D(τ) and ^w^{(<)}_D (τ) in (4.3) is Λ^2_V /|s| > 1. Therefore, the last two terms in (4.3) do not compensate each other anymore, and hence the analytic continuation of the expression for D(s) derived above has a cut along the low-energy Euclidian region with the discontinuity Im D(s+iϵ) = π β_0 ( − Λ^2_V s ) [ ^w^{(>)}_D (−Λ^2_V /s) − ^w^{(<)}_D (−Λ^2_V /s) ] , −Λ^2_V < s < 0 . (4.7)

The appearance of this cut is explicitely related to the fact that the inverse Mellin transform of the Borel function is a piece-wise analytic function. Note that even if

3These properties, which follow from the general principles of field theory, are explicitely incorporated in the dispersion relation (2.4), due to the fact that the spectral function Im Π(s) is real.

IR renormalons were absent and the theory was Borel summable, the Landau cut would persist. Indeed, in this case d_+(s) = d_−(s), and from (3.6) it follows that the function ^w^{(<)}_D (τ) vanishes identically. But in (4.7) we are then left with the term ^w^{(>)}_D (τ), which receives contributions from the UV renormalons.

The presence of the Landau cut (4.7) is intimately related with the asymptotic behaviour of the Borel transform. It is straightforward to show that if the Borel transform vanishes sufficiently fast at infinity in the complex u plane — more precisely, if not only ^B_D(u) but also the product ^B_D(u) sin πu are L^2 integrable functions in the sense of (2.14) — then the Landau cut is absent. Indeed, in this case a reasoning similar to that presented in the discussion containing equations (2.22)–(2.26) leads to the conclusion that the inverse Mellin transform ^w_D(τ) satisfies a dispersion representation and is therefore analytic in the complex τ plane cut along the negative axis. Then the two pieces ^w^{(<)}_D (τ) and ^w^{(>)}_D (τ) coincide, and the imaginary part (4.7) vanishes identically. However, the strong decrease of the Borel transform ensuring the absence of the Landau cut is not observed in the large-β_0 limit, and it is thus rather improbable that it should happen in the physical case.

As a side remark, let us indicate what happens if the effective coupling constant is modified in the IR domain so as not to contain a Landau pole. To study this case we make the replacement − Λ^2_V s → τ_L ≡ exp ( − 4π β_0 α_s(−s) ) , (4.8)

where the coupling α_s(−s) is defined in the V scheme. Then the discontinuity (4.3) across the Landau cut may be written as Im D(s + iϵ) = π β_0 τ_L [ ^w_D(τ_L) − ^w^{(<)}_D (τ_L) ] , s < 0 . (4.9)

The coupling α_s(−s) may be defined by a dispersion integral [29] or simply by subtracting the pole at s = −Λ^2_V by hand. As discussed in [18], this redefinition amounts to adding terms exponentially small in the coupling, which do not modify the perturbative expansion. The modified coupling is real and positive along the whole space-like region s < 0, implying that τ_L defined in (4.8) is a positive number less than unity. As a consequence, the imaginary part of D(s) vanishes along the spacelike axis, since for τ_L < 1 the two terms in (4.9) compensate each other. Therefore, unphysical singularities do not appear in the Borel-summed expansion in powers of a regular coupling, if the principal-value prescription is adopted for treating the IR renormalons.^4

4This argument cannot be considered a proof, since the very meaning of the Borel summation of a modified expansion with the Landau pole removed is not transparent. Indeed, the redefinition of the coupling itself may be seen as a partial summation of some higher-order effects, which must be separated from the terms taken into account in the Borel sum in order to avoid double counting.

For completeness, we also present results for the polarization function Π(s). The Borel-summed expression (3.8), obtained for |s| > Λ^2_V , can be analytically continued to the whole complex plane. We note that Π(s) is holomorphic for complex values of s and satisfies the reality condition Π(s^∗) = Π^∗(s). On the real axis, this function can have singularities manifested as discontinuities of the imaginary part. A straightforward calculation gives

Im Π(s + iϵ) = π + 1 β_0 ∞∫ 0 dτ ^w_D(τ) arctan ( π ln(τs/Λ^2_V ) ) +

+ π β_0 Re Λ^2_V /s∫

−Λ^2_V /s dτ ^w_D(τ) , s > 0 ,

Im Π(s + iϵ) = π β_0 ( − Λ^2_V s ) [ ^w_Π(−Λ^2_V /s) − ^w^{(<)}_Π (−Λ^2_V /s) ] , s < 0 . (4.10)

Again, the second expression vanishes outside the Landau region, where the function ^w_Π(τ) coincides with ^w^{(<)}_Π (τ). However, inside the interval −Λ^2_V < s < 0 the function Π(s) has a non-zero imaginary part.

The final point we will discuss concerns the implications of the above results for the Borel summation of Minkowskian quantities such as the spectral moments M_k. In (3.13) we derived the principal-value Borel sum for these quantities, which we shall denote by M^{Borel}_k . On the other hand, starting from the explicit expression (3.8) for the polarization function Π(s) in the complex plane, we could calculate its moments also by performing the contour integral in the second relation in (2.11). Let us denote by M^{circle}_k the result of this procedure. We are now going to show that M^{Borel}_k = M^{circle}_k , which is equivalent to the statement that contour integration and Borel summation commute with each other. In order to compare the two resummed expressions for the moments, we pass from the integral along the circle |s| = s_0 to an integral along the real axis. Applying the Cauchy relation, and taking into account the singularities of the Borel sum of Π(s) inside the circle, we write in the most general way

M^{circle}_k^{η→0}= − k + 1 2πi s^{k+1}_0 ∮ |s|=η ds s^k Π(s) +

+ k + 1 π s^{k+1}_0 −η∫ −s_0 ds s^k Im Π(s + iϵ) + s_0∫

η ds s^k Im Π(s + iϵ) . (4.11)

The point s = 0 must be treated separately since the function ^w^{(<)}_Π (−Λ^2_V /s) entering the expression for Π(s) in (3.8) is singular at this point. (In the large-β_0 limit, we have ^w^{(<)}_Π (τ) ∼ τ ln^2τ for τ → ∞.) From this behaviour, it follows that the circle of radius η gives a non-vanishing contribution only for the first two moments. For k ≥ 2, the only singularities are due to the discontinuity of the imaginary part of Π(s) given above. As we discussed, this imaginary part vanishes for s < −Λ^2_V . By a straightforward calculation, using (4.10) and isolating the contribution of the region −Λ^2_V < s < Λ^2_V , we write (4.11) as M^{circle}_k = M^′_k + δ_k, where δ_k^{η→0}= − k + 1 2πi s^{k+1}_0 ∮ |s|=η ds s^k Π(s) +

+ k + 1 β_0 s^{k+1}_0 −η∫ −Λ^2_V

ds s^k Δ(−Λ^2_V /s) +

Λ^2_V∫

η ds s^k Re Δ(−Λ^2_V /s) , (4.12)

with Δ(τ) = τ [ ^w^{(>)}_Π (τ) − ^w^{(<)}_Π (τ) ] . (4.13)

The quantity M^′_k has an expression that is formally identical with the Borel moments M^{Borel}_k in (3.13), but in which the functions I_{Mk} (τ) in (3.15) are replaced with the functions I^′_{Mk} (τ) in (3.16) obtained using a different prescription for negative τ. In other words, we have M^′_k = M^{Borel}_k − δ^′_k with

δ^′_k = π β_0 Re 0∫ −Λ^2_V /s_0 dτ [ I_{Mk} (τ − iϵ) − I^′_{Mk} (τ − iϵ) ] . (4.14)

An explicit calculation in the large-β_0 limit shows that δ_k = δ^′_k, and we believe this result is of general validity. From this observation, it follows that indeed M^{circle}_k = M^{Borel}_k , which is in agreement with the findings of [18]. Note that the arguments given above show that the equivalence of the two resummation procedures results from a subtle compensation of the contribution of the singularities of Π(s) along the Landau region with an additional term arising from the analytic continuation of a piece-wise analytic function.

5. Conclusions

We have derived a compact expression for the Borel-summed Adler function and the polarization amplitude in the complex momentum plane in terms of the inverse Mellin transform of the corresponding Borel functions. At present, these inverse Mellin transforms (or distribution functions) are known only in the large-β_0 limit. However, the expressions derived in the present work are useful for investigating the analyticity properties in the complex momentum plane, and therefore some conclusions can be drawn even if the distribution functions are not known exactly.

Our main results are the expressions for the Borel sums of the functions D(s) and Π(s) given in (3.7) and (3.8), respectively. They have been derived using a generalized principal-value prescription, which leads to real values of the functions along the space-like s axis outside the Landau region, in accordance with general analyticity requirements imposed by causality and unitarity. The expressions derived in the momentum plane outside the Landau region admit an explicit analytical continuation to the region |s| < Λ^2_V , revealing Landau singularities more complicated than those present in fixed-order perturbation theory. We have shown that the discontinuity across the Landau cut is connected with the piece-wise character of the inverse Mellin transform, which is in turn correlated with the asymptotic behaviour of the Borel transform. We have also presented a condition on the asymptotic behaviour of the Borel transform that would ensure the vanishing of the Landau cut. This condition is, however, not satisfied in the large-β_0 limit, and it will most likely not be satisfied for real QCD. Therefore, we do expect the Landau cut to be a general feature of Borel-summed perturbation theory in QCD.

With the explicit expressions derived in the complex momentum plane, we have checked that the spectral moments defined by contour integrals of the Borel sum of the correlator Π(s) coincide with the “standard” Borel moments considered previously in [17]–[20]. This equality is consistent with the complicated singularity structure of the polarization function discovered in this work, providing an indirect check of our results.

We have shown that the unphysical discontinuity across the Landau cut would persist in the fictitious case of a Borel-summable perturbation series. Thus, the Landau singularities in the momentum plane and the IR renormalons are not directly related to each other. A similar conclusion was formulated in the context of a specific model in [22]. The unphysical cut is a manifestation of the incompleteness of any perturbative approximation to a physical hadronic quantity. On the other hand, our results suggest that, if the running coupling is regularized by a dispersion relation, then the analyticity properties of fixed-order perturbation theory are preserved by Borel summation. Indeed, in this case the discontinuity across the Landau cut vanishes even if IR renormalons are present. This result holds under conservative assumptions about the properties of the inverse Mellin transform and thus seems to have a general validity.

Acknowledgments

We are grateful to M. Beneke, C. Bourrely, P. Dita, J. Fischer and L. Lellouch for many interesting discussions. One of us (I.C.) is pleased to thank prof. S. Randjbar- Daemi for his kind hospitality at the High Energy Section of ICTP Trieste, where part of this work was done. The research of I.C. was partially supported by the Ministry of Research and Technology, Bucharest, under the Grant No. 3036GR/1997.

A. Relations between distribution functions

Here we indicate a simple method for calculating the distribution functions of various observables using the relations between their Borel transforms. To this end, we use Parseval’s theorem for the Mellin transform [34], which can be stated as follows: if F(u) and G(u) satisfy the L^2 conditions 1 2πi u_0+i∞ ∫ u_0−i∞ du |F(u)|^2 < ∞ , 1 2πi 1−u_0+i∞ ∫ 1−u_0−i∞ du |G(u)|^2 < ∞ , (A.1)

where 0 < u_0 < 1, then 1 2πi u_0+i∞ ∫ u_0−i∞ du F(u) G(1 − u) = ∞∫ 0 dx f(x) g(x) , (A.2)

where f(x) and g(x) are the inverse Mellin transforms

f(x) = 1 2πi u_0+i∞ ∫ u_0−i∞ du F(u) x^{u−1} , g(x) = 1 2πi 1−u_0+∞ ∫ 1−u_0−i∞ du G(u) x^{u−1} . (A.3)

As a first application of this result, we use it to prove relation (2.26). We start with relation (2.24) and notice that the function ^W_X (τ) can be written as

^W_X (τ) = 1 2πi u_0+i∞ ∫ u_0−i∞ du F(u) G(1 − u) , (A.4)

where F(u) = ^B_X (u) , G(u) = τ^{−u} sin π(1 − u)

. (A.5)

It then follows that f(x) = ^w_X (x), and inserting the definition (A.5) of the function G(u) into (A.3) and making the change of variables s = 1 − t we find

g(x) = 1 2πi u_0+∞∫

u_0−i∞ ds τ^{s−1}x^{−s} sin πs . (A.6)

This integral can be calculated closing the contour in the complex s plane and applying the theorem of residues. For Re (τ/s) > 0 we close the contour in the left half plane Re s < 0, while for Re (τ/s) < 0 we close it in the right half plane Re s > 0. In each case, we pick up the contributions of the relevant poles situated at s = ±n with the residues (−1)^n πτ ( τ x )_n . (A.7)

The contributions of the semi-circles at infinity vanish due to the exponentials in the sine function, even for complex values of τ/x = |τ/x| exp(±iψ) with |ψ| < π. Therefore, we obtain g(x) = 1 πτ ∞∑ n=1 (−1)^n ( τ x )_n = 1 π(x + τ) . (A.8)

Inserting the expressions for the functions f(x) and g(x) into the right-hand side of (A.2), and using the definition of ^W_X (τ), we obtain

^W_X (τ) = 1 π ∞∫ 0 dx ^w_X (x) x + τ , (A.9)

where τ can take arbitrary values, except for real negatives.

As a second example, we derive relation (2.20), starting from

^w_Π(τ) = 1 2πi u_0+i∞ ∫ u_0−i∞ du ^B_D(u) u τ^{u−1} , (A.10)

where we have used (2.9). The above result can be rewritten as in (A.4), with the identification F(u) = ^B_D(u) , G(u) = τ^{−u} (1 − u)

. (A.11)

A straightforward calculation gives the inverse Mellin transforms f(x) = ^w_D(x) , g(x) = 1 τ θ ( 1 − x τ ) . (A.12)

Inserting these functions into the right-hand side of Parseval’s theorem (A.2), we obtain relation (2.20).

References

[1] N.N. Khuri and T.T. Wu, Phys. Rev. D 56 (1997) 6779; ibid. 56 (1997) 6785.

[2] R. Oehme, π-N Newsletters 7 (1992) 1; Int. J. Mod. Phys. A 10 (1995) 1995 [hep-th/9412040].

[3] M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, Nucl. Phys. B 147 (1979) 385;

ibid. 147 (1979) 448.

[4] G. ’t Hooft, in: The Whys of Subnuclear Physics, Proceedings of the 15th International School on Subnuclear Physics, Erice, Sicily, 1977, A. Zichichi ed., Plenum Press, New York 1979, pp. 943.

[5] A.H. Mueller, in: QCD – Twenty Years Later, P. Zerwas and H.A. Kastrup eds., World Scientific, Singapore 1993, pp. 162; Phys. Lett. B 308 (1993) 355.

[6] M. Beneke and V.I. Zakharov, Phys. Lett. B 312 (1993) 340. [7] M. Beneke, Phys. Lett. B 307 (1993) 154; Nucl. Phys. B 405 (1993) 424. [8] D. Broadhurst, Z. Physik C 58 (1993) 339. [9] G. Grunberg, Phys. Lett. B 304 (1993) 183.

[10] M. Beneke and V.M. Braun, Nucl. Phys. B 426 (1994) 301 [hep-ph/9402364]. [11] I.I. Bigi, M.A. Shifman, N.G. Uraltsev and A.I. Vainshtein, Phys. Rev. D 50 (1994) 2234 [hep-ph/9402360].

[12] J. Fischer, Fortschr. Phys. 42 (1994) 665; Int. J. Mod. Phys. A 12 (1997) 3625 [hep-ph/9704351].

[13] M. Neubert and C.T. Sachrajda, Nucl. Phys. B 438 (1995) 235 [hep-ph/9407394]. [14] M. Beneke and V.M. Braun, Phys. Lett. B 348 (1995) 513 [hep-ph/9411229]. [15] M. Neubert, Phys. Rev. D 51 (1995) 5924 [hep-ph/9412265]. [16] M. Neubert, Preprint CERN-TH 7524/94, hep-ph/9502264.

[17] C.N. Lovett-Turner and C.J. Maxwell, Nucl. Phys. B 452 (1995) 188 [hep-ph/9505224].

[18] P. Ball, M. Beneke and V.M. Braun, Nucl. Phys. B 452 (1995) 563 [hep-ph/9502300];

Phys. Rev. D 52 (1995) 3929 [hep-ph/9503492].

[19] G. Altarelli, P. Nason and G. Ridolfi, Z. Physik C 68 (1995) 257 [hep-ph/9501240]. [20] M. Neubert, Nucl. Phys. B 463 (1996) 511 [hep-ph/9509432]. [21] G. Martinelli, M. Neubert and C.T. Sachrajda, Nucl. Phys. B 461 (1996) 238 [hep-ph/9504217];

M. Neubert, Phys. Lett. B 393 (1997) 110 [hep-ph/9610471].

[22] Yu.L. Dokshitzer and N.G. Uraltsev, Phys. Lett. B 380 (1996) 141 [hep-ph/9512407]. [23] M. Dasgupta and B.R. Webber, Phys. Lett. B 382 (1996) 273 [hep-ph/9604388];

Nucl. Phys. B 484 (1997) 247 [hep-ph/9608394]; Eur. Phys. J. C 1 (1998) 539 [hep-ph/9704297].

[24] P. Nason and B.R. Webber, Phys. Lett. B 395 (1997) 355 [hep-ph/9612353]. [25] A.G. Grozin and M. Neubert, Nucl. Phys. B 508 (1997) 311 [hep-ph/9707318]. [26] M. Beneke, V.M. Braun and N. Kivel, Phys. Lett. B 404 (1997) 315 [hep-ph/9703389]. [27] M. Beneke, Preprint CERN-TH-98-233, hep-ph/9807443. [28] N.N. Khuri, Phys. Rev. D 16 (1977) 1754.

[29] Yu.L. Dokshitzer, G. Marchesini and B.R. Webber, Nucl. Phys. B 469 (1996) 93 [hep-ph/9512336];

Yu.L. Dokshitser and B.R. Webber, Phys. Lett. B 352 (1995) 451 [hep-ph/9504219]; Phys. Lett. B 404 (1997) 321 [hep-ph/9704298].

[30] G.Grunberg, Preprint CPTH-S505-0597, hep-ph/9705290; J. High Energy Phys. 11 (1998) 006.

[31] R. Akhoury and V.I. Zakharov, in: Proceedings of the 5th International Conference on Physics Beyond the Standard Model, Balholm, Norway, 1997, G. Eigen et al. eds.,AIP Conf. Proc., Woodbury 1997, pp. 274.

[32] M. Beneke, V.M. Braun and N. Kivel, Phys. Lett. B 443 (1998) 308 [hep-ph/9809287]. [33] N.N. Khuri, Phys. Lett. B 82 (1979) 83.

[34] E.C. Titchmarsh, Introduction to the Theory of Fourier Integrals, Clarendon Press, Oxford 1948.

[35] F. Le Diberder and A. Pich, Phys. Lett. B 289 (1992) 165. [36] M. Girone and M. Neubert, Phys. Rev. Lett. 76 (1996) 3061 [hep-ph/9511392]. [37] Tables of Integral Transforms, Bateman Manuscript Project, Vol. I, A. Erdélyi ed., McGraw-Hill, New York 1954, pp. 134.

[38] M. Abramowitz and I. Stegun, Handbook of Mathematical Functions, Dover Publ. Inc., New York 1968.

[39] R.J. Eden, P.V. Landshoff, D.I. Olive and J.C. Polkinghorne, The Analytic S Matrix, Cambridge Univ. Press, 1966.

[40] S. Saks and A. Zygmund, Analytic Functions, Elsevier, 1971.